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Abstract. 

It is well-known that an element of the linear group GL n (C) is semisimple if and only 
if its conjugacy class is Zariski closed. The aim of this paper is to show that the same 
result holds for the group of complex plane polynomial automorphisms. 
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I. INTRODUCTION. 



Q ■ If K is any commutative ring, a polynomial endomorphism of the affine plane A^ over 

K will be identified with its sequence / = (/i, ./b) of coordinate functions fj G K[X, Y\. 



We define the degree of / by deg / = max deg fj . 

Let Q be the group of polynomial automorphisms of A^ and let G{K) be the group 
of polynomial automorphisms of A^-. 

In linear algebra it is a well-known result that an element of GL n (C) has a closed 
conjugacy class if and only if it is semisimple, i.e. diagonalizable. This is a very useful 
characterization, especially from a group action viewpoint. It is a natural question to ask 
if a polynomial automorphism is semisimple if and only if its conjugacy class is closed in 
the set of polynomial automorphisms. This last statement hides two definitions: what is 
a semisimple polynomial automorphism and what topology does one have on the group 
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of polynomial automorphisms? 

According to [7], the usual notion of semisimplicity can be extended from the linear to 
the polynomial case by saying that a polynomial automorphism is semisimple if it admits 
a vanishing polynomial with single roots. In this paper we restrict to the dimension 2. In 
this case, we will show below (see subsection 2.5) that it is equivalent to saying that it is 
diagonalizable, i.e. conjugate to some diagonal automorphism (aX,bY) where a,b G C*. 

The topology of the group of polynomial automorphisms has been defined in [201 |2~T] . 
Let us describe it in dimension 2 (the description would be analogous in dimension n). 
The space £ := C[X, Y] 2 of polynomial endomorphisms of A^ is naturally an infinite 
dimensional algebraic variety (see (20j [21] for the definition) . This roughly means that 
£<m '■= {/ £ £, deg/ < m\ is a (finite dimensional) algebraic variety for any m > 1, 
which comes out from the fact that it is an affine space. If Z C £ , we set Z< m := Zr\£< m . 
The space £ is endowed with the topology of the inductive limit, in which Z is closed 
(resp. open, resp. locally closed) if and only if Z< m is closed (resp. open, resp. locally 
closed) in £< m for any m. Since Q is locally closed in £ (see [H EOl El|), it is naturally 
an infinite dimensional algebraic variety. 

The aim of this paper is to show the following result. 

Main Theorem. A complex plane polynomial automorphism is semisimple if and only 
if its conjugacy class is closed. 

Application. If / is a finite-order automorphism of the affine space A^, it is still 
unknown whether or not it is diagonalizable. Since any finite-order linear automorphism 
is diagonalizable, it amounts to saying that / is linearizable, i.e. conjugate to some 
linear automorphism. To our knowledge, even the case where / fixes the last coordinate 
is unsolved. In this latter case, / is traditionally seen as an element of C/(C[Z]). For 
each z S C, let f z € Q be the automorphism induced by / on the plane Z = z. Using 
the amalgamated structure of Q(C(Z)), we know that / is conjugate in this group to 
some (aX,bY), where a,i £ C (see [TTJ HU H]). This implies that f z is generically 
conjugate to (aX,bY), i.e. for all values of z except perhaps finitely many. The above 
theorem shows us that there is no exception: for all z, f z is conjugate to (aX,bY). This 
could be one step for showing that such an / is diagonalizable in the group of polynomial 
automorphisms of A^. One can even wonder if the following is true. 

Question 1.1. Is any finite-order automorphism belonging to £/(C[Z]) diagonalizable in 
this group? 



We begin in section 2 by studying the so called locally finite plane polynomial au- 
tomorphisms, i.e. the automorphisms admitting a non-zero vanishing polynomial. The 
principal tool is the notion of pseudo-eigenvalues (see 2.2). It is used for defining a trace 
(see 2.3) and the subset S C Q of automorphisms admitting a single fixed point (see 2.4). 
Let us note that our text contains three natural questions which we were not yet able to 



answer. Finally, we study the semisimple automorphisms and show that their conjugacy 
class is characterized by the pseudo-eigenvalues (see 2.5). 

The proof of the main theorem is given in section 3. Subsection 3.1 is devoted to 
an algebraic lemma whose proof relies on a valuative criterion while subsection 3.2 is 
devoted to a few topological lemmas (lemma 3.4 for example relies on Brouwer fixed 
point theorem). 



II. LOCALLY FINITE PLANE POLYNOMIAL AUTOMORPHISMS. 

1. Characterization. 

According to [7], a polynomial endomorphism is called locally finite (LF for short) 
if it admits a non-zero vanishing polynomial. The class of LF plane polynomial au- 
tomorphisms will be denoted by CJ- ' . We recall that an automorphism is said to be 
triangularizable if it is conjugate to some triangular automorphism (aX + p(Y), bY + c), 
where a, b € C*, c € C and p £ C[Y], Using the amalgamated structure of Q, one can 
show the following: 

Theorem 2.1. If / € Q, the following assertions are equivalent: 
(i) / is triangularizable; 

(ii) the dynamical degree dd(f) := lim (deg/™) 1 '" - is equal to 1; 
(hi) deg f z < deg /; 
(iv) V n € N, deg f n < deg /; 

(v) for each £ 6 A 2 , the sequence n i— > / n (£) is a linear recurrence sequence; 
(vi) / is LF. 

Proof. For (i-ii), (iii-iv), (v) and (vi) , see respectively [4], [5], [6] and [7]. □ 

In this case, the minimal polynomial fit of / is defined as the (unique) monic poly- 
nomial generating the ideal {p € C[T], p{f) = 0}. Let us note that even if the class LT 
is invariant by conjugation, the minimal polynomial is not. 

Corollary 2.1. LT is closed in Q. 

Proof. By assertions (ii, iv), we have LT< m = {/ € 5, Vu £ N, deg/ n < m} (for any 
m > 1). This proves that aF<_ m is closed in Q< m - D 

2. The pseudo-eigenvalues. 

If / G CT, it is conjugate to some triangular automorphism t = (aX +p(Y), bY + c). 
It is explained in [4] (cf. the remark on page 87) that the unordered pair {a, b} is an 
invariant: if t has a fixed point, then a and b are equal to the two eigenvalues of the 



derivative at that fixed point and if t has no fixed point, then the pair {a, b} must be 
equal to {1, Jac /}. 

Definition, a, b are called the pseudo- eigenvalues of /. 

Let < a,b > := {a k b l , fc,I £ N) be the submonoid of C* generated by a, b and let 
/* : r i— > r o / be the algebra automorphism of C[X, Y] associated to /. The following 
result relates the pseudo-eigenvalues of / with the eigenvalues of /*. 

Lemma 2.1. If a, b are the pseudo-eigenvalues of / G CJ 7 , then < a, b > is the set of 

eigenvalues of /* . 

Proof. We may assume that / = (aX +p(Y), bY + c). Let d be the degree of p(Y). 

Let M := {X k Y l , k, I > 0} be the set of all monomials in X, Y and let us endow M 
with the monomial order -< (see [3]) defined by 

X fc y' -< X m Y n «=>• k < m or (k = m and I < n). 

For any s > 0, we observe that the vector space V" s generated by the X k Y l such that 
dk + Z < s is stable by /*. Let us denote by /,T^ the induced linear endomorphism of V s . 

Since f*(X k Y l ) - a k b l X k Y l £ Span(X m Y n ) X m Y n <X k Y i (exercise), the matrix of 
fuy in the basis X k Y l (where the X k Y l are taken with the order -<) is upper triangular 

with the a k b h s on the diagonal. The result follows from the equality C[X, Y] = M V s . □ 

s 

It is well-known that the eigenvalues of a linear automorphism are roots of its minimal 
polynomial. The same result holds for LF plane polynomial automorphisms: 

Lemma 2.2. The pseudo-eigenvalues are roots of the minimal polynomial. 

Proof. We will use the basic language of linear recurrence sequence that we now recall 
(see [2] for details). If U is any complex vector space, the set of sequences u : N — ► U 
will be denoted by U N . For p = 2_,Pk T ' £ C[T], we define p(u) G U^ by the formula 

k 

V n G N, {p(u)) (n) = 2_,Pk u i n + &)• 

fc 

Let U[T] be the set of polynomials in T with coefficients in U, alias the set of poly- 
nomial maps from C to U. 

The theory of linear recurrence sequence relies on the fact that if p = a (T — u!kY' k 

\<k<c 

is the decomposition into irreducible factors of some non-zero polynomial p, then p(u) = 
if and only if there exist q±, . . . ,q c € U[T] with deg qk < r^ — 1 such that 



V n G N, u(n) = ^ u%q k (n). 



l<k<c 

As a consequence, it is clear that 2 U := {p G C[T], p(ii) = 0} is an ideal of C[T]. 
We say that u is a linear recurrence sequence when Z u ^ {0}. In this case, the minimal 
polynomial of u is the (unique) monic polynomial \i u generating the ideal I u . 

We say that u is of exponential type if the following equivalent assertions are satisfied: 

(i) there exist Wi, . . . , u> c G C, qi, . . . , q c € U such that V n, u(n) = \. ^kQk- 

l<k<c 

(ii) fj,f has single roots. 

If I : U — ► V is any linear map, let us note that v := Z(zt) is still a linear recurrence 
sequence and that \i v divides \x u . 

If A G Mfc(C) is a square matrix, one could easily check that the minimal polynomial 
of A is equal to the minimal polynomial of the linear recurrence sequence n i— > A n . 

Let now / G LT be a LF plane polynomial automorphism. One could also check that 
the minimal polynomial of / is equal to the minimal polynomial of the linear recurrence 
sequence n \—> f n (see [7] for details). 

Let us now begin the proof. 

First case. / admits at least one fixed point £. 

If (u>i)i<i< r are the roots of ///, there exist polynomial endomorphisms hij such that 

f n = y^LU^nihij for any n > 0. Differentiating at the point £, we get f'(£,) n = 

i,3 

y^wfni (hjj)' (£) , so that the eigenvalues of the matrix /'(£) are among the uVs. But 

i,3 

since £ is a fixed point, these eigenvalues are the pseudo- eigenvalues of /. 

Second case. / admits no fixed point. 

By theorem 3.5 of [4], / can be expressed as / = (p o t o ip~ l where 99 G Q, p G C[Y], 

b G C* and either 

(i)t = (X + l,6y); 

(ii) i = (X +p(y r ),fey) where r > 2, 6 r = 1, p(0) = 1; 

(iii)i = (x + P (y),y). 

Subcase (i). 



We have f n = if o (X + n, b n Y) o c/?™ 1 for any n > 0. Let •*/> := v? _1 and let (ei, e-i) be 
the canonical basis of the C[X, y]-module C[X, Y] 2 . Since the family ip\ip2 f° r ^ J > 
is a basis of C[X, Y], the family %j}\^P 2 ^k i s a basis of £ = C[X, Y} 2 . 

If ifk = /Jyfc.tj -X"*y for fc = 1,2, an easy computation would show that the i\)\ek- 

i,3 
component of f n is /^</?fc,i,o "- 4-1 and that the f/^Cfc-component f f n is / JPk,i,i n i b n . 



But the matrix 



corresponds to the linear part of <p so that it is invertible. 



fl,l,0 Vl,0,l 
¥>2,1,0 ¥>2,0,1 

Therefore at least one of the (pk,i,o is non-zero showing that 1 is a root of the minimal 
polynomial of the linear recurrence sequence sending n to the ^lefc-component of f n . 
Consequently, 1 is a root of the linear recurrence sequence sending n to /". This means 
that jti/(l) = 0. In the same way, at least one of the tpk,o,i is non-zero showing that 
p/(6) = 0. 

Subcase (if). 



We have f n = ipo(X + np(Y r ), b n Y) oc^ -1 for any n > 0. We go on as in subcase (i). 
The computations are slightly different, but the results (and conclusions) are exactly the 
same. 

Subcase (hi). 



We recall that a linear recurrence sequence is polynomial if and only if its minimal 
polynomial is of the kind (T — l) d . We conclude by noting that the sequence n i— > f n is 
obviously polynomial. □ 

3. The trace. 

It is natural to set the following 

Definition. If / € CT has pseudo-eigenvalues {a, b}, its trace is Tr / := a + b. 

Remark. The trace is by construction an invariant of conjugation. It is well-known 
that the Jacobian map Jac : Q — > C* also. In the locally finite case, we have of course 
Jac / = ab. 

Question 2.1. Is the map Tr : CJ 7 — > C regular? 

This means that for any m the restricted map LT< m — > C is regular. This regularity 
would imply a positive answer to the following 

Question 2.2. Is the map Tr : LT< m — ► C continuous for the transcendental topology? 

Remark. This continuity would easily prove the most difficult point of our main the- 
orem. If /, g are semisimple automorphisms such that g belongs to the closure of the 
conjugacy class of /, we want to show that they have the same pseudo- eigenvalues. In- 
deed, it is clear that Jac/ = Jac g and the above continuity would show that Tr f = Tr g. 

Definition. Let U (resp. S) be the set of LF polynomial automorphisms whose pseudo- 
eigenvalues are equal to 1 (resp. are different from 1). 



Remarks. 1. By theorem 2.3 of [7] U is the set of polynomial automorphisms / satisfying 
the following equivalent assertions: 

(i) / is unipotent, i.e. / is annihilated by (T — l) d for some d; 

(ii) / is the exponential of some locally nilpotent derivation of C[X, Y\. 

2. It is easy to check that S is the set of LF automorphisms admitting a single 
fixed point (in fact, we will see in proposition 2.1 below that we can get rid of the LF 
hypothesis). 

3. Since U = Tr~ 1 ({2}) n Jac _1 ({l}) and S = {/ € £F, Tr(/) ^ 1 + Jac(/)}, the 
regularity of the trace would imply directly that U (resp. S) is closed (resp. open) in 
LT. 

Let us check that U is closed. If m > 1, let d be the dimension of £< m and let p(T) = 
(T — l) d G C[T]. By assertion (iv) of theorem 2.1, we get U< m = {/ € £< m , p(f) = 0}. 
This shows that U< m is closed in £< m for any m, i.e. U is closed in £. 

We will show in the next subsection that S is open in LT . 

4. The set S. 

Definition. If f,g are polynomial endomorphisms of A^., let us define their coincidence 
ideal A(f,g) as the ideal generated by the f*(p) — g*{p), where p describes C[X, Y]. 
The coincidence ideal A(/, id) will be called the fixed point ideal of /. 

Remarks. 1. The closed points ofSpecC[X,Y]/A(f,g) correspond to the points £ € A^ 
such that /(£) = g(0- 

2. Using the relation f*(uv) - g*(uv) = /*(«)[/» - g*(y)] + g*(v)[f*(u) - g*(u)], 
we see that if the algebra C[X, Y] is generated by the Uk (1 < k < I), then the ideal 
A(f,g) is generated by the f*(uk) — g*{uk) (1 < k < I). 

3. In particular, A(/, g) = (f*(X) - g*(X), f*(Y) - g*(Y)) = (h - 9l , f 2 - g 2 ). 



The computation of the set of fixed points of a triangular automorphism is easy and 
left to the reader. We obtain the following result (see also lemma 3.8 of [4]). 

Lemma 2.3. If / € CT, the set of its fixed points is either empty, either a point of 
multiplicity 1 (if / G S) or either a finite disjoint union of subvarieties isomorphic to A . 

Let us note that saying that an automorphism admits exactly 1 fixed point with 
multiplicity 1 amounts to saying that its fixed point ideal is a maximal ideal of C[X, Y]. 
Using the amalgamated structure of Q, it is observed in [4] that a polynomial auto- 
morphism / € Q is either triangularizable (i.e. belongs to CF) or conjugate to some 
cyclically reduced element g (see 1.1.3 in [19] or page 70 in [4] for the definition). In 
this latter case, the degree d of g is > 2 and it is shown in theorem 3.1 of |lj that 



dimC[X,Y]/A(g,id) = d. As a conclusion, we obtain the nice characterization of ele- 
ments of S: 

Proposition 2.1. If / G Q, the following assertions are equivalent: 

(i) / G S- 

(ii) / has a unique fixed point of multiplicity 1; 

(iii) the fixed point ideal of / is a maximal ideal of C[X, Y]. 

The next result is taken from lemma 4.1 of [7] and will be used to prove propositions 
2.2 and 2.3 below. 

Lemma 2.4. Any triangularizable automorphism / can be triangularized in a "good" 
way with respect to the degree: there exist a triangular automorphism t and an auto- 
morphism tp such that / = if o t o ip^ 1 with deg / = degt (deg if) 2 . 



The vector space Aj^ will be endowed with the norm || (a, f3) ||= y|ap + |/3p. The 
open (resp. closed) ball of radius R > centered at a point £ G A^, will be denoted by 
B£,R (resp. B't R ). If £ = 0, we will write Br (resp. B' R ) instead of Bqr (resp. B' 0R ). 

Since £ is composed of C°° maps from A 2 , to A^, it is endowed with the C fc -topology 
(for each k > 0) which is the topology of uniform convergence of the k first derivatives on 
all compact subsets. However, £< m being a finite dimensional complex vector space, it 
admits a unique Hausdorff topological vector space structure. Therefore, the C fc -topology 
on £< m is nothing else than the transcendental topology. We finish these topological 
remarks by recalling that for any constructible subset of some complex algebraic variety, 
the (Zariski-)closure coincide with the transcendental closure (see for example |15|). 

Proposition 2.2. S is an open subset of CT . 

Proof. We want to show that S< m is open in LT< m - 

Claim. S< m is a constructible subset of LT< m - 

Let T be the variety of triangular automorphisms of the form (aX + p(Y), bY + c) 
where a, b G C \ {0, 1}, c G C and p G C[Y] is a polynomial of degree < m. 

The image W of the morphism G< m x T —> 9, (<P, t) i— > <p o t o y?" 1 is constructible 
and 5< m = W n LT< m by lemma 2.4 so that the claim is proved. 

It is enough to show that S< m is open for the transcendental topology. Let / be a 
given element of 5< m and let £ G A 2 be its fixed point. The map F := / — id is a local 
diffeomorphism near £ since F'(£) is invertible. Let e,i] > be such that B^ C F(B^ tS ) 
and Vx G B^ £ , \ detF'{x)\ > r\. If g is "near" / for the C 1 -topology, then G := g — id 
will be "near" F so that we will have B n / 2 C G(B^ £ ) and Vx G B^ )E , | det G'(x)\ > rj/2. 
Therefore, g will have an isolated fixed point in B^ £ . If g G £.F, lemma 2.3 shows us 
that g G S. □ 



The next statement is given on page 49 of [10] (cf. the application of theorem 3). 
The result is also given for the field of rationals on page 312 of [14]. However, the proof 
remains unchanged for the field of complex numbers. Finally, §57 of [18] contains a 
similar result. 

Theorem 2.2. Let K := d + (sd) 2 . If p,pi, ... ,p s G C[Xl, ... ,X n ] are of degree < d 

and if p G (pi, . . . ,p s ), there exist Ai, . . . , X s G C[Xi, . . . ,X n ] such that 



(i) p = y, ^iPi an d (h) degAj < K for all i. 



l<i<s 

If / G S, its fixed point £ = (a, (5) G A 2 is implicitely defined by the equality of 
the ideals (/i — X, / 2 — Y) and (X — a,Y — /?). Using theorem 2.2, one can express 
more "effectively" a, in terms of /i,/2- Indeed, if m > 1 and K m := m + (2m) 4 , 
then for any / G <S< m there exist Ai , . . . , A4 G C [X, Y] of degree < K m such that 
X - a = Ai (/1 - X) + A 2 (/ 2 - Y) and y - (3 = A 3 (/1 - X) + A 4 (/ 2 - r). Even with 
such "effective" results, we were not able to answer the following 

Question 2.3. Is the map Fix : S — > A 2 sending / G S to its unique fixed point regular? 

This means that for any m the restricted map S< m — > A 2 is regular. The proof of 
proposition 2.2 shows us at least that it is continuous for the transcendental topology. 

5. Semisimple automorphisms. 

According to [7], a plane polynomial automorphism / is said to be semisimple if the 
following equivalent assertions are satisfied: 

(i) /* is semisimple (i.e. C[X, Y] admits a basis of eigenvectors); 

(ii) / G HT and /i/ has single roots; 

(iii) / admits a vanishing polynomial with single roots. 

Let us note that the class of semisimple automorphisms is invariant by conjugation. 
Therefore, it results from proposition 2.3 below that (i-iii) are still equivalent to: 

(iv) / is diagonalizable. 

Lemma 2.5. lit = (aX + p(Y) , bY + c) is a triangular semisimple automorphism, there 
exists a triangular automorphism % °f the same degree such that t = x ° {a>X, bY) o x" 1 - 

Proof. 

First step. Reduction to the case c = 0. 

If b = 1, let us show that c = 0. The second coordinate of the n-th iterate t n is 
y + nc. Since t is semisimple, the sequence n 1— > Y + nc must be of exponential type 
showing that c = 0. 

If b / 1, set I := (X, Y + ^) and replace t by I t o Z" 1 = (aX + p(Y), bY). 



Second step. Reduction to the case p = 0. 

If X ■= (X + q{Y),Y), we get X ° (aX, bY) o x ~ l = (aX + q(bY) - aq(Y),bY). Let 
us write p = J2kPkY k . To show the existence of q (of the same degree as p) satisfying 
q(bY) — aq{Y) = piY) it is enough to show that a = b k implies pk = 0. 

For any n > 0, let u n be the Y fc -coemcient of the first component of t n . If a = b k , we 
get u n+ \ = au n +pka n , so that u n = na n ~ 1 pk- The sequence n \—> u n being of exponential 
type, we obtain p^ = 0. □ 

Combining lemmas 2.4 and 2.5, any semisimple automorphism can be written 

/ = (</?°x) ° (aX, bY) o (^o X ) _1 with deg / = degx (deg(^) 2 . 
Since deg(y? o^)< degy? degx < deg/, we get: 

Proposition 2.3. Any semisimple automorphism / can be written / = ipo(aX, bY)oip~ 1 
where ip is an automorphism satisfying degV' < deg/. 

Corollary 2.2. Two semisimple automorphisms are conjugate if and only if they have 
the same pseudo-eigenvalues. 

If / € Q, let C(f) := {ip o f o tp~ l , ip G Q} be its conjugacy class. By definition, C(/) 
is closed in Q if and only if C(/)< m is closed in Q for any m > 1. However, if Z C ^, let 
us note that in general, we do not have Z = \\ Z< m . 

m>l 

Corollary 2.3. If / is a semisimple automorphism, then C(/)< m is a constructible 
subset of £< m (for any m > 1). 

Proof. We can assume that / = (aX, feF). The image Z of the map G< m —> Q, 
ip \-¥ <p o f o ip" 1 is constructible and C(f)< m = Z n Q< m by proposition 2.3. □ 

Remarks. 1. This result shows us that the Zariski-closure of C(/)< m coincide with its 
transcendental closure (see subsection 3.2). 

2. One could show that C(f)< m is a constructible subset of £< m for any /, but we 
do not need this result. 



Lemma 2.6. If/ is semisimple, any element of C(/)< m also. 

Proof. We may assume that / = (aX,bY). Any element which is linearly conjugate to 
/ is annihilated by /j,f, but for a general element of C(f), this is no longer true. However, 
we will build a polynomial p with single roots annihilating any element of C(/)< m . By 
propostion 2.3, any g € C(/)< m can be written g = ipofcxp^ 1 with deg ip < m. Therefore, 
for any n > 0, we have g n = <p o (a n X, b n Y) o ip^ 1 . If we set O, := {a k b l , < k + / < m}, 
there exists a family of polynomial endomorphisms h u (uj € O) such that <7 n = } j QJ n h w 

wen 



10 



for any n. In other words (see §1.3 of [7] for details), p(g) = 0, where p(T) := J T (T — oj). 



uiefi 



The equality p(g) = remains true if g G C(/)< m . □ 

III. PROOF OF THE MAIN THEOREM. 

1. Algebraic lemma. 

The aim of this subsection is to prove the following result which in some sense means 
that the spectrum of a linear endomorphism remains unchanged at the limit (see lemma 
2.1). 



Lemma 3.1. Let / = (aX,bY) G £. U(aX,f3Y) G C(/)< m , then < a,/3 > = < a, b >. 

Our proof will use a valuative criterion that we give below. We are indebted to Michel 
Brion for his useful advice on this subject. Even if such a criterion sounds familiar (see 
for example [H], chap. 2, § 1, pp 52-54 or [8], §7), we have given a brief proof of it for 
the sake of completeness. 

Let C[[£]] be the algebra of complex formal power series and let C((t)) be its quotient 
field. If V is a complex algebraic variety and A a complex algebra, V(A) will denote the 
points of V with values in A, i.e. the set of morphisms Spec A — > V. If v is a closed 
point of V and tp G VI C((t))J , we will write v = lim tp(t) when: 

(i) the point tp : SpecC((i)) — > V is a composition SpecC((i)) — > SpecC[[t]] — ► V; 
(ii) v is the point SpecC — > SpecC[[t]] — ► V . 

For example, if V = Aj. and tp G VI C((t)) ) = C((i)), we will write v = lim <p(t) when 
if G C[[t]] and v = <p(0). 



Valuative criterion. Let / : V — > W be a morphism of complex algebraic varieties 
and let wbea closed point of W. The two following assertions are equivalent: 

(i) w g W) ; 

(ii) w = lim /(<?(£)) for some if G ^(c((t)) 

Proof. 

(i) =^~ (ii). If it; G /(V) \ f(V), there exists an irreducible curve C of V such that 
z G /(C) (see the corollary on page 262 of [12]). Therefore, we may assume that V is 
an irreducible curve. By normalizing V and by Nagata's theorem (see |17|). we may 
suppose that V is smooth and that W is complete. Let C be "the completion" of V, 
i.e. a smooth projective curve containing V as an open subset. Since W is complete, 
/ can be (uniquely) extended in a morphism / : C — » W. We have /(V) = /(C), so 
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that it is enough to show that for any point x G C, there exists (p G V(C((t))j such 

that x = Imxipit). We can assume that x 4l V because otherwise there is nothing to do. 

t->o 
Finally, taking a well chosen affine neighborhood of x in C, we can suppose that C is 

afnne and that V = C\{x}. Let 0(C) be the algebra of regular functions on C, let Oc, x 

be the local ring of x on C and let Oc, x be its completion. We have natural injections 

0{C) -^ O c ,x ^ Oc> and it is well-known that SQ ~ C[[t]]. Let C(C) <^-» C((t)) be 

the extension to fields of fractions of the map 0{C) •- 

diagram: 



We have the commutative 



C?(C)c ,0c,, 



o{vy 



Oc, 



+ CM] 



C((t)) 



C(C)c 

where </?* : O(V) — ► C((i)) is the algebra morphism corresponding to the point ip : 
SpecC((i)) — > V which we were looking for. 

(ii) =>■ (i). It is well-known. □ 



Remark. Note the analogy with the metric case where w G f(V) if and only if there 
exists a sequence (f n .)n>i of V such that w = lim f(v n ). 

~ n— >+oo 



Proof of lemma 3.1. Assume that 7 := (aX,(3Y) G C(f)< m . 

If f2 := {a fc 6 / , < fe+i < m}, the proof of lemma 2.6 tells us that a,/3 G 0, C< a, 6 >, 
so that < a, f3 > (^< a,b >. 

Let us prove the reverse inclusion. By proposition 2.3, C(f)< m is included in the 
image of the map Q< m — ► £7, </? 1— > <p~ l / 93. Using the above valuative criterion, 

we get the existence of (/? G ^< m (<C((£))j such that if g := ip~ x o f o ip £ Q (C((i))j, 

then 7 = lim g t . We have g\ = tp* o /* o (^J) as linear endomorphisms of the C((t))- 

vector space C((t))[X, y]. Therefore w^,/ := (pt(X k Y l ) is an eigenvector of g% associated 
with the eigenvalue a k b l . Let m G Z be such that u^j := t m Uk t i admits a nonzero 
limit Ufe^ when £ goes to zero. We have gt{vk,l) = <*> b l Vk,i and setting t = 0, we get 
7*(^m) = o b l Vkj. Hence a fc &' is an eigenvalue of 7*, so that a k b l G< a,/5 >. □ 



2. Topological lemmas. 



Lemma 3.2. Let / 

{«,/?} = {a, b}. 



(aX,bY) G a. If (aX,(3Y) G C(/)< m with a,/3 / 1, then 
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Proof. 

Claim. For any e > there exists a C°-neighborhood U of 7 := (al, /3Y") in £< m such 
that any g G C/ admits a fixed point in i? £ . 

Indeed, there exists an 77 > such that i?^ C (7 — id)(B £ ), so that there exists a 
C°-neighborhood U of 7 such that any g £ U satisfies £ (g — id)(B e ). 

Let (ff n )n>i be a sequence of C(f)< m such that 7 = lim g n for the C 1 -topology By 

n— »oo 

the claim, there exists a sequence (£ n ) n >i of points of A 2 such that g n (€n) = £n and 
lim £ n = 0. Therefore, we have 7'(0) = lim g' n (£ n ) for the usual topology of M2(C). 

n— >oo n— >oo 

Since Tr 7'(0) = a + j5 and Tr^(^ n ) = a + b, we get a + (3 = a + b. But a/3 = a& (using 
the Jacobian), so that {«,/?} = {a,b}. □ 

We will admit the following convexity lemma. 

Lemma 3.3. If B' is a closed ball in an euclidian space, there exists a C 2 -neighborhood 
of the identity map on the space such that for any g in this neighborhood, g(B') is convex. 

Remark. Let B' := {pe ie , 9 G R, < p < 1} be the unit disc in C. If g is "near" 
the identity for the C 2 -topology, then we will have g(B') = {pe %B , 6 € R, < p < r(9)} 
where r : R — > R is a 2ir -periodic map which is "near" the map s = 1 for the C 2 -topology. 
The curvature of the parametrized curve 9 1— > r(9)e ie at the point 9 is well-known to be 

C = 3 — . If r is "near" s for the C 2 -topology, it is clear that C > at each 

l r 2 _|_ r i 2\ 2 

point, showing that fl^-B') is convex. 

Lemma 3.4. If / is a finite-order automorphism, C(f) is closed in Q. 

Proof. We may assume that / = (aX,bY) where a q = b q = 1 for some q > 1. It is 
enough to show that if 7 = (ctX, (5Y) G C(f)< m for some m, then {a, /3} = {a, b}. 
We begin to note that g q = id for any g G C(/). 

Claim. For any e > there exists a C 2 -neighborhood U of 7 in £< m such that if g G U 
and g 9 = id, then g admits a fixed point in B' e . 

Let us note that j(B' e ) = B' £ . It is enough to take for U a C 2 -neighborhood of 7 
such that for any g G U and any < k < q, g k {B' £ ) is a convex set containing the origin. 
Indeed, if g G U and g q = id, then K := g k (B' £ ) is a non-empty compact convex 

< k < q 
set such that g(K) = K . By Brouwer fixed point theorem, g admits a fixed point in 
K C B' e and the claim is proved. 

We finish the proof exactly as in lemma 3.2. □ 

3. The proof. 
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(=>) Thanks to proposition 2.3 it is enough to show that if / = (aX, bY) G Q, then 
C(f) is closed in Q. Thanks to lemma 2.6 it is enough to show that if 7 = (aX, f3Y) G 
C(f)<m for some m, then {a, (3} = {a,b}. 

First case, a, (3 7^ 1. 

We conclude by lemma 3.2. 

Second case, a or /3 = 1. We can assume that a = 1. 

Since Jac7 = Jac/, we have /3 = a&. But < a,b >=< /3 > by lemma 3.1, so that 
there exist k, I > such that a = [3 k , b = f3 l . 

First subcase. (3 is not a root of unity. 

The equality (3 = ab gives us j3 = j3 k+l , so that 1 = k + I. We get {k, 1} = {0, 1}, so 
that {a, b} = {1,(3} = {a,f3}. 

Second subcase. (3 is a root of unity. 

It is clear that a, b are also roots of unity. Therefore, / is a finite-order automorphism 
and we conclude by lemma 3.4. 



(<^) Let / be any polynomial automorphism. We want to show that C(f) contains 
a semisimple polynomial automorphism. It is sufficient to show that it contains a linear 
automorphism. Indeed, in the linear group it is well-known that any conjugacy class 
contains in its closure a (linear) semisimple automorphism. 

First case. / is triangularizable. 

We can assume that / = (aX+p(Y), bY + c). If l t := (tX, Y) and r t := (X, tY ) Gff 
fort G C*, we have \mil t o f o(l t y l = (aX,bY + c). Therefore, u := (aX,bY + c) G C(f). 

But r t o u o (rt) -1 G C(f) for any t / and limr t o u o (r t )~ l = (aX, bY). 

Second case. / is not triangularizable. 

We can assume that / is cyclically reduced of degree d > 2. By theorem 3.1 of [4], / 
has exactly d fixed points (counting the multiplicities). In particular, it has a fixed point 
and by conjugating we can assume that it fixes the origin. Therefore, if h t := (tX, tY) G Q 
for t / 0, then lim (ht)~ o f o ht is equal to the linear part of /. □ 

Acknowledgements. We would like to thank Hanspeter Kraft for suggesting to us 
this question and the staff of the Mathematisches Forschungsinstitut Oberwolfach for its 
hospitality. 
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